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Abstract: The present research work deals with an extension of a previous work [Exact Soliton-like spherical symmetric
solutions of the Heisenberg-Ivanenko type nonlinear spinor field equation in gravitational theory, Journal of Applied Mathematics
and Physics, 2020, 8, 1236-1254] to Spherical Symmetric Kink-Like Configurations of Spinor and Gravitational Fields. We
have obtained exact kink-like static spherical symmetric solutions to the self-consistent system of spinor and gravitational fields
equations. The Einstein’s field equations have been solved by the Liouville method. The principal difference between kink soliton
with antikink soliton has been established. The nonlinear terms in the lagrangian are arbitrary functions F'(Is) depending on the
invariant g = S% = (31))2. It is shown that the initial set of the Einstein and spinor field equations have regular solutions with
a localized energy density of the spinor field only if m = 0 ( m is the mass parameter in the spinor field equations). Equations
with polynomial nonlinearities are thoroughly scrutinized. Let us emphasize that the spinor field with polynomial nonlinearities
has a regular solutions with localized, positive and alternating energy density and finite total energy. In addition, the total charge
and the total spin are also finte. We have also obtained exact solutions to the linear spinor field equations. We remarked that in
this case soliton-like solutions are absent. Furthermore, we note that the properties of regular localized solutions depend on the
symmetry and the nonlinear terms in the lagrangian of the self-consistent system of gravitational and spinor fields.
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1. Introduction

The concept of soliton as regular localized stable solutions
of nonlinear differential equations is being widely utilized
in pure science [1, 2]. In elementary particle physics, for
example, the soliton concept is used as model in order to
describe the configuration of elementary particles. The soliton
model is dealt with by many autors in general relativity. The
solitons with spherical and/or cylindrical symmetry of the
interacting system of massless scalar, electromagnetic and
gravitational fields are obtained in [3]. An excellent review on
the solitons of scalar field with induced nonlinearity and their
stability may be found in [4]. For simplicity, the author has
considered Friedmann-Robertson-walker and Godel models
describing spherically and cylindically symmetric space-time

respectively. The plane-symmetric soliton-like solutions are
obtained in a series remarkable papers [5-8]. It should
be emphasized that, in all these activities, the charge and
the spin are not limited. Hence it follows that the own
gravitational field of the spinor field is insufficient. The
unlimitted problem of the charge and the spin is resolved
in a series of interesting article [9-13]. The exact kink-
like static plane-symmetric solutions to the self-consistent of
interacting scalar, electromagnetic and gravitational fields are
obtained in [14]. It was shown that under certain choice
of the interaction lagrangian the solutions are regular and
have localized energy. The importance of the symmetries
in gravitational theory is introduced by Katzin, Lavine and
Davis in a series of remarkable articles. The fundamental
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symmetry of the space-time of the general relativity defined by
the vanishing Lie derivative of the Riemann curvature tensor is
analyzed in [15]. The details literatue on groups of curvature
collineation in Riemannian space-times, which admit fields
of parallel may found in [16, 17]. The applications of Lie
derivative to symmetries geodesic mappings and first integrals
in Riemannian spaces is developped in [18]. The consideration
of the proper gravitational field of elementary particles leads to
definite the physical interest interpretations of exact solutions
obtained because the gravitational field equation is nonlinear
by nature. With the introduction of the nonlinear terms in
the lagrangian, describing the fields interactions, the field
equations possess regular solutions.

The present work, considered as part III of all these
investigated initiated in [12], aims and extending the results
to spherical symmetric kink-like configurations of spinor and
gravitational fields. Here, intead of equations with power
nonlinearities examined in [12], we have studied in detail
equations with polynomial nonlinearities.

The purpose of the paper was to present some new results
in addition to those illustrated in [12] to spherical symmetric
kink-like configurations of spinor and gravitational fields.

The paper is organized as follows. Section 2 deals with
general equations. The lagrangian of the self-consistent
of spinor and gravitational fields and the metric have been
defined. From the lagrangian, we obtained the Einstein
equations and the spinor field equation. Section 3 addresses
the main results. Using the method of Liouville, we solved
Einstein equations. In section 4, we discussed the main
results by choosing the nonlinear terms in the lagrangian under
the polynomial nonlinearities form. Concluding remarks and
future work are outlined in section 5.

2. General Equations

The lagrangian of the self-consistent system density of the
nonlinear spinor and gravitational fields is [6]:

R
L=—+Lg,. 1
2X+ Sp ()

where Lg,, is the spinor field lagrangian. Its expression is
defined as follows:

Lsp = 57" Vuts = V") = mp + Ly, @)

Note that Ly is the nonlinear term of Lg, which describes

the self-interaction of a spinor field. Ly = F(Ig) is an
arbitrary function depending on the invariant Ig = S? =
L, i
Ti=1%

4

gyp(d_rhtvuqz[} + &Vvv;ﬂ/} - VMZ’WZJ - Vﬂﬁ%ﬂ/’) - (;ZLSP-

()% R = R, g, is the scalar curvature. Then, x = SELG

is Einstein’s gravitational constant, G is Newton’s gravitatioﬁal
constant and c is the speed of light in vacuum. ¢ is the 4-
components Dirac’s spinor with 1) its conjugate. The following
paragraph will address to the metric.

The metric of space-time admitting spherical symmetric
may be written under the following form:

ds? = e2Vdt? — 22de? — e*P[dh* 4 sin®(0)dp?].  (3)

For simplicity reason, the speed of light has been taken to be
unity (c=1) . We define spatial variable as in [6] £ = %, where
r stands for the radial component of the spherical symmetric
metric. The metric functions, «, 3 and ~ are stationnary and
are functions of ¢ alone. They obey the harmonic coordinate
condition as in [6-9]:

a=28+n7. 4)

Varying of (1) with respect to the spinor field ¢ and its
conjugate 1 gives nonlinear spinor field equations as follows:

. dF
VIV b —map + 2y ISEQ/} =0, )
) B dF
IV, -+ i — 23/ Ts S =0, (©)
dls

Then, varying of (1) with respect to the metric tensor g,,,,
leads the general form of Einstein’s field equation:

v 14 1 v v
G = Ry, — S0k = T, @)

where Gz is the Einstein’s tensor; RZ is the Ricci’s tensor;
4}, is the Kronecker’s symbol and 777 is the metric energy-
momentum tensor of the spinor field. In the sequel, taking
into account (1), we obtain the components of the tensor Gz in
the metric (3) under the coordinate condition (4) as in [9]:

Gy = e 22" —2/p — %) — ¥ = XT3, 8)
Gl = (28 +87%) - e = T, ©)
Gi = B+ =26y = f%) = XT3, (10)

G3=G3, T5;=T13, (11)

where prime (/) in previous equations means differentiation
with respect to €.

The components of the metric energy-momentum tensor of
the spinor field can be written as follows:

12)



Jonas Edou ef al.: Spherical Symmetric Kink-Like Configurations of Spinor and Gravitational Fields 34

Using the spinor field equations (5) and (6), L, takes the following form:

1. 1, - -
Lsy = 50"V —mi) = S(V,a0" +mi) + FIs), (13)
oF
= —28°_— 4+ F(I 14
ol + F(Is), (14)
oF
= —2lg—+ F(Ig). 15
So1s T (Is) (15)
Taking into account (15), let us write the nontrivial Let us emphasize that v* represent Dirac’s matrices in
components of the tensor 77 curved space-time. They are linked to Dirac’s matrices in flat
space-time 7, by:
OF(Is)
19 =T =T3 = —Lg, = 2Is——+ — F(I, 16 o
o =T =15 =Ly =2ls—5p =~ F(ls), (10 g€ = Ol
W) = €u(&)a; (18)

where 74, = diag(1,—1,—1, —1) is the metric of Minkowski
and ef; (&) are tetradic 4-vectors.

- _ OF(I
T} = (Vi Vai o)+ 215 0 ).

With the relation (18), we have:

P = e, AN = e, R = e PR, A= £ ()= 7 (19)

10 0 0 0 0 0 1
o o1 0 o | . [ o 0o 10
=100 -1 0o |’ = o -1 00
00 0 -1 1 0 0 0
0 0 0 —i 0 01 0
o | 0o 0 o 5 | 0o 00 -1
=1 0 i 0 o |’ | -1 00 o
i 0 0 0 0 1.0 0
0 0 -1 0
s s | o 0o o -1
TETT] 1 00 00 o0
0 -1 0 0

In the expressions (2), (5)-(6) and (12), V, represent the covariant derivative of the spinor meaning. It is connected to the
spinor affine connection matrices I', (£) as in [21]:

oY o -
VMZJ = 87@ - F#w or vu'LZJ = aié_u + F#w (20)
The matrice I',1, has the following general form:
DL(6) = 2g (Dbl — TP )oyon? 21
M(g) - 4gPH( Mea'ea ;,LO')’Y ,-y I ( )

In the relation (21), I'f; are Christoffel’s symbols. According to the expression (21), we have the spinor affine connection
matrices:

1 1 1
Lo =—ge 3%, Ti=0, Ty=gce 358, Ty=_(c77775°5' 8 sin0 + 575 cos).  (22)

In virtue of Einstein’s convention sommation, we get:

1
AT, = —E(e_o‘o/ﬁ1 + 7% cot §). (23)
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When we substitute (20) and (23) into (5) (6), we have

1 .
(0 + §Oél)¢ + %”er_ﬁzb cot 6 — (m -2

1 _ g _
7' (O + ) + %@Qe‘%cow + (

By choosing the 4-component Dirac spinor under the form (&)

following set of equations:

dF
dI >¢—0, (24)
dF \ -

Isdjs>¢=o 25)

Vi(§)
= V5(€) with Vs(&) = “222 , from (24), we get the
Va(€)

1 :
V) + =a'Vy — zeo‘_ﬂw cot@ + ie® | m — 2\/15 Vi =0, (26)
2 2 dIg
Vi + Ong, 560‘ BVs cot 0 + ie® (m 2\/ISdI >V2:0, 27
s
Vs + a Vo — =PV cot O — ie® <m 2\/ISdI > Vs =0, (28)
s
Vi + onl feo‘ BV, cot O — ie® (m 2\/ISdI >V40 (29)
s
The functions V7, V5, V3 and Vj are connected by the relation:
VE -V —VE+ VP =cste. (30)
3. Main Results
A A
Summing the set of equations (26)-(29), we find the first- Bl = Z(l + 5) In DT2(h, & + &)
order differential equation for the invariant function I = S? 9
as follows: = (1 + D) 7€), (35
dls
— +20/(&)Is = 0. (31) A A
g TRk 1) = Sn {} (36)
2
: . . DT2(h, & + &)
The solution of the equation (31) is:
A and D are integration constants and T is a function.The
I5(€) = Coexp[—2a(€)], Co = const. (32)  function T has the following form:

With the expression (32), we deduce the natural link
between the nonlinear spinor field of elementary particles and
their own gravitational field.

Using the spinor field equation in the form (24) and the
conjugate one, we obtain the following expression for the
tensor 77 from the relation (17):

T! = my/Is — F(Is). (33)

The following paragraph devotes to the resolution of
Einstein’s field equations. To this purpose, as the
commponents 7{ and T3 are equal, we have G — G3 =
This leads to the following equation:

ﬁ// _ ’YH _ 626+2'y
which can be transformed into a Liouville equation type having
the solutions [16]:

(34)

Fsinh[h(€ + &)],h >0

Fsin[h(€+ &), h <0

where h and £; are another unknown integration constants.
By substituting the expressions (35) and (36) into (4), we
get the metric function () as follows:

“©=5(75)" [prmera]

Finally we define the relations between the metric functions

a(§), B(£) and y(£):

(38)

(39)
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Equation (9) look likes to the first integral of the equatons (8) and (10). It is also a first order differential equation. Then,

introducing (33) and (39)into (9), we have

(@')? = % 2a [e%ﬁ:”a — x(my/Ts — F(IS))} . (40)
Taking into account o/ = 2} ‘Hs and I5(€) = Cpe2*©), from (40) we obtain
The general solutions of the equation (41) are given by:
/ dIs 2v/Co(4 + 3D) (€+6) 42)
2:D V3D2+8D +4

\/E\/ [(é) —x (myTs —F(&))} :

Setting a concrete form of the function F'(Ig), from (42) we
can determine explicitly Is(&). Then, if Ig() is known, we
can find the metric function a(§) from (32). Finally, we can
completely determine the solutions of Einstein equations from
the expression (39).

volume 77 /—3,, we can establish the localization properties
of the solutions.

Let us determine the concrete analytical form of the
functions Vs(§). To doing so, we must solve the set of
equations (26)-(29) in more compacte form if we pass to the

Considering the invariant I5(¢) = Coe 2, we can  functions W5(€) = €2 V;(€), with 6 = 1, 2, 3, 4. In this
establish the regularity properties of the solutions obtained.  perspective, we obtain:
Studying the distribution of the energy per unit invariant
Wi — —e“ PWycot§ +ie® [ m — 2\/15 Wi =0, (43)
2 dIS
Wi+ i = BWs5 cot 6 + ie® [ m — 2\/15 Wy =0, (44)
2 d[s
Wy — 3¢ e PWy cot O — ie® <m 2\/1561 >W3 =0, (45)
W+ Lo cot 0 — ie® (m — 2y/Ts 9L ) Wy = 0, (46)
2 dI S
where the derivative of the function W, (&) has the form:
W= (V! + ~a/v,)ete (47)
p =V, +5aV,)e2".

With the set of equations (43)-(46) where W = W (&) let us pass to the system of equations depending on functions of the

argument Ig, i.e. Ws(Ig) = Ws(€), Is(€) = Coe2*(€) . We obtain for W (I) the set of equations as follows:

dw.
L _iBIg)Wy +iK(Ig)W; =0, (48)

dlg

dW:

dld +iB(Ig)Ws +iK (Ig)Wa = 0, (49)
K

dw:

—2 _iE(Is)Wy — iK (Is)W5 = 0, (50)

dls

dW-

7 L 4 iB(Ig)Wy — iK (Is)Wy = 0, (51)
s

where F(Ig) and K (Ig) are defined by the following expressions:



37 International Journal of Astrophysics and Space Science 2020; 8(4): 32-40

=238
1 (,/@) P ot h
S
E(Is) =

=5 ; (52)
2
segan i [(8) ™ v - rus)]
(V%) (m -2
K(Is) = (33)

2/C5(4+3D) /7= itap
3D2(+8D+ \/ =X (mvTs - F(IS))}

In sequel, we shall transform the equation (48)-(51) to the second order differential equations. In this perspective,
differentiating equation (48) and substituting the expression of the function Wj(Ig) and the expression of its derivative into the
result, we obtain:

7 K/(IS)

Y K(Is)

(54)

Wi+ |:E2(I ) K2(IS) K (IS) (IS) K(IS)E,(IS)] W, = 0.

K(Is)

Similarly differentiating the equation (51) and introducing into the result the expression of Wy (Is) and the expression of its
derivative, we obtain the second-order differential equation for the function W7 (Ig):

7 K/(IS')

K Us)E'(Is) — K'(Is)E'(Is)
' K(Is)

K(Is)

Wi+ [EQ(IS) — K?(Is) + } W =0. (55)

Doing the same operating on the equations (49)-(50), we find the second-order differential equations obeyed by the functions
Ws(Ig) and Ws5(Ig) as follows:

Wi — [I(( ((;j)) Wi+ [E?(Is) - K2 (Ig) + i /(IS;((IS/(IS)EI(IS)} W3 = 0. (56)
Wy = S W+ | B2(1s) - (1) + PSS 2 EUSES) gy, 57

By summing (54)-(55) and setting U = W; + W,, we obtain the following second-order differential equations of the function
U (I S)Z

" K/(IS) / 2 2 _
U"(Is) - Ks) U'(Is) +2 [E*(Ip) — K*(Is)] U(Is) = 0. (58)
The equation (58) may be transformed to:
1 d U'(Is) }
— —U(lg) = 59
K(Is)V/2¢e dls [K(Is)\/zg (Is) >9)

under the condition E?(Ig) = (1 —¢)K?(Is) with0 < ¢ < 1.
The first integral of the equation (59) is

"(Is) = £3/U2(Ig) + C1 K (Is)V2e,  Cy = const. (60)
If C; = a? > 0, then the equation (60) has the solution
U(Is) = a1sinhNy(Ig). (61)
If C; = —b? < 0, the solution of the equation (58) is given by:
U(Ig) = bicoshN1(Ig). (62)

with
Ni(Is) = V2e / K(Is)dIs+ Ry, Ry = const. (63)
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The difference of equations (48) and (51), taking into account of (61) and (62), gives:
. vVi—e—-1
X(Ig) =W =Wy = —iag (\/%> cosh N1 (Ig), (64)
or
vi—e—-1
X(Ig) =W; — Wy = —iby | ———=—— | sinh Ny (Ig), 65
(Is) = W1 =W, 1 ( NG ) 1(Is) (65)
where a; and b; are integration constants.
Solving analogously the equations (56) and (57), we obtain the following expressions for Y (Is) = Wy + W3 as follows:
Y (Is) = agsinhNy(Is), for Cy=a3>0 (66)
or
Y (Is) = bacoshNo(Is), for Cy = —b3 <0. (67)
In these conditions, it then follows from the expressions (66) and (67) that:
) Vvi—e—1
V(Is) = W2 - W3 = a2 <\/%> COShNQ(IS)7 (68)
or
. vVi—e—-1Y\ |
V(IS) = W2 — W3 = Zb2 (\/%> sinh NQ(IS), (69)
No(Ip) = \/%/H(Ip)dfp + Ry, (70)
where as, by and R, are integration constants.
Considering the cases where C; = a2 > 0 and Cy = —b2 < 0, let us determine the expressions of the functions W;s(Is). We
get for the functions Wy(Ig) the following expressions:
_ T—_ .
Wl(Is):ao SlIth1 IS Z( \/% >COShN1(Is) s (71)
_ T— -
Wa(Is) = bo |cosh Ny(Is) + ( ViTET ) sinh No(Ig)| (72)
i V2e ]
Ws5(Is) = by |cosh No(Ig) — i sinh Ny (Ig)| , 73
3(Is) = bo _ 2(Is) ( \/2» 2( S)_ (73)
_ T _1 ,
Wai(Is) = ao |sinh Ny (Ig) + i <V€> cosh Ny (Is) ] , (74)
i V2e ]
with ag = lal and by = 7b2
Let us note that we can also obtain the expressins of the funstions W;s(Ig) considering C; = —b% < 0 and Cy = a3 > 0.

Furthermore, in the relations (63) and (70), without loss of generality we can use the minus sign before the integral. Let us pass
. . . . . . . 1
to the functions V(&) by multiplying the functions W; (&) obtained in the expressions (71)-(74) by e~ 22(€) as follows:

Vi(€) = ao

Va(€) = bo
V3(&) = bo
Va(§) = ao

a2 6) - (

cosh Na (&

cosh Na (&

sinh Ny (

Vi—-e—1

v ) cosh NV, (€)

sinh Ny (¢
sinh Ny (¢

cosh N (

GG ) orrera)) @
—% <Z + 12)> In DTQ(i:l&—fl) } (76)
- (3 * 3) " DT(hA£+§> } a
_% (g + 2) In _DT?(i:l5+§1): } 7
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Using analytical expressions of the functions Vs (€), the total
charge () and spin S have been determined in [12]. It has been
emphasized that the total charge and spin are limited.

In the following section, we shall deal with the analysis of
the main results by choosing the concrete form of the nonlinear
terms F'(Ig).

4. Discussion

The equations with power nonlinearities have been
thoroughly discussed by us in [12] where we have obtained
exact soliton-like spherical symmetric solutions of the
Heisenberg-Ivanenko type nonliear spinor field equation in
gravitational theory. In this present analysis, the nonlinear
terms F'(Ig) in the lagrangian have been chosen under the
polynomial nonlinearities form as follows:

F(Ig) = A <\/TS2 1) (2 - \/T§> . (79
wg Wi

where ) is a nonlinearity parameter.

In this optic, the nonlinear terms F'(Is) admit two nonzero
roots Is = w? and Is = 4w3.

Without losing the generality, we have chosen the massless
elementary particles (m = 0) [22] and we have assumed that
& — 0.

Under the assumption made above, by substituting (79)
into (42), we have obtained the analytical expression of the
invariant function [g:

2 1 ?
fsn = [2 eXP[C0(§+§0)J | ®
2 1 ?
s = [2 exp[—Go(¢ m)d ’ e
where
CoA(4+3D)
Co = V3DT T SD 1 = const.

From the relations (80) and (81), the function I,, is regular.
Therefore, as e2® = %0, according to (31), the metric is

regular everywhere for £ € [0, {¢]. The energy density is given
by the following expression:

NeLCo(E+€0) [2 4 eECo(Et€0) _ 4ei240(5+€0)]

T(g)(l,Q) = (82)

1+ eiCo(§+§0>]4

From the expression (82), the energy density 73 (&) of
nonlinear spin field is a positive, alternating, regular and
localized function. = Moreover, the total energy E =
Iy T(g)(172) \/3_4d¢ is positive and finite.

We note that the functions Ig, and Ig, describe the kink
and antikink solitons-like solutions. The indices 1 and 2 refer
to kink and antikink in the expression of the energy density
T{(€). The study of the kink and antikink configurations in
plane-symmetric metric may found in [6].

5. Concluding Remarks

Taking into account the proper gravitational field of
elementary particles, we obtained the spherical symmetric
kink-like solutions of nonlinear spinor and Einstein equations
when the nonlinear terms in the larangian is chosen under
the polynomial nonlinearities form. These solutions describe
a nonlinear spinor field configuration with localized energy
density T}, positive energy E and a regular metric ds®. The
forthcoming paper will deal with Spherical symmetric solitons
of interacting spinor and scalar fields in general relativity
theory.
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